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4� gUOT\ZX][\JWXLTJ_� WJYZiPOWROV� ���� + 
��� T4� bRZXTX� YZRVOWih\[i�
XYXZWX-[\OZPWOLeO� RQXUi\XZe� �[A9��� [Ye\� gT[YU]J\J̀RR� gUOT\ZXXKXZ]NXLJWRi�
ZJ[YZONOUR\OUfWe_�][\ZXS[\L�[\JẀRS�R�YXN[\JẀRS�WJYZiPOWROV�����T4�R�LebO�
[LRNO\OUf[\L]O\ �a\X�XYXZWX-[\OZPWOLeO�RQXUi\XZe�iLUih\[i�gUOVOW\XV �TX\XZeS�WJRKXUOO�
aJ[\X�YXLZOPNJO\[i �X[XKOWWX�RQXUi\XZe�L�[X[\JLO�ZJQdONRWR\OUOS��:XURaO[\LX�
\O_WXUXMRaO[TR_�WJZ]bOWRS �[LiQJWWe_�[�ZJQZ]bOWROV�[A9�L�gUOT\ZXgWOZMO\RaO[TR_�
[R[\OVJ_�CTZJRWe�L�̀OUXV�[X[\JLUiO\�NO[i\TR�QJ�MXN�;����3XUfbXO�TXURaO[\LX�JLJZRS�
YZONXYZONOUiO\�WOXK_XNRVX[\f�]U]abOWRi�TJaO[\LJ�NRJMWX[\RTR�[A9.
4�CTZJRWO �[XMUJ[WX�NOS[\L]hcOS�WXZVJ\RLWXS�NXT]VOW\J̀RR�;�� �TXW\ZXUf�\O_WRaO[TXMX

[X[\XiWRi�[A9�YZON][VJ\ZRLJO\�TXW\ZXUf�LWObWOMX�[X[\XiWRi �RQVOZOWRi�[XYZX\RLUOWRi�
RQXUìRR �VO_JWRaO[TRO�R[Ye\JWRi �TXW\ZXUf�[A9�]Uf\ZJQL]TXLeV�VO\XNXV �NRJMWX[\RT]�
RQXUi\XZXL�[ZON[\LJVR�RŴZJTZJ[WXS�\O_WRTR�;	� �R[Ye\JWRO�XKZJQ̀XL�̂ JẐXZJ�RQ�
\O_WXUXMRaO[TR_�TXWOaWX[\OS�LX�LZOVi�YZXRQLXN[\LJ�RQXUi\XZXL�;
��
:XW\ZXUf�LWObWOMX�[X[\XiWRi�[A9�KO[[YXZWX�X[\JO\[i�JT\]JUfWeV �XNWJTX�QWJaR\OUfWXO�

TXURaO[\LX�RQXUi\XZXL�YXLZOPNJO\[i�KOQ�XKZJQXLJWRi�LRNRVe_�\ZOcRW��9QVOZOWRO�
[XYZX\RLUOWRi�RQXUi\XZXL�YXTJQJUX�XaOWf�WRQT]h�ĝ ÔT\RLWX[\f �RQ���-\R�YXUWX[\fh�
ZJQZ]bOWWe_�RQXUi\XZXL�URbf�XNRW�RVOU�[XYZX\RLUOWRO �TX\XZXO�WO�]NXLUO\LXZiUX�
\ZOKXLJWRiV�;����<O_JWRaO[TRO�R[Ye\JWRi�WO�VXM]\�YZXLXNR\f[i�WJ�ZJQdONRWR\OUi_�R�
LeTUhaJ\OUi_�TUJ[[XL�WJYZiPOWRi�KXUfbO�����T4�;����4eiLUOWRO�NÔOT\We_�RQXUi\XZXL�[�
YXVXcfh�[ZON[\L�RŴZJTZJ[WXS�\O_WRTR�iLUiO\[i�KO[[YXZWX�YOZ[YOT\RLWeV �XNWJTX �
LX-YOZLe_ �XWR�\ZOK]h\�XYZONOUOWWXMX�[X[\XiWRi�RQXUi\XZXL �J�LX-L\XZe_ �WO�YXQLXUih\�
XNWXQWJaWX�]\LOZPNJ\f�XK�R_�gT[YU]J\J̀RXWWXS�YZRMXNWX[\R �X[XKOWWX�WJ�ZJWWOS�[\JNRR�
ZJQLR\Ri�YXLZOPNOWRS�;����e\X�PO�TJ[JO\[i�VO\XNXL �X[WXLJWWe_�WJ�ZOMR[\ZJ̀RR�
]Uf\ZĴRXUO\XLXMX�RQU]aOWRi��<O\XN�̂ ]T[RWXLXS�YZXKe�YXN�NJLUOWROV�;
��iLUiO\[i�
XNWXQWJaWeV�YXTJQJ\OUOV�WJURaRi�X\TZe\XS�YXZR[\X[\R �XNWJTX �L�gT[YU]J\J̀RR�g\X\�VO\XN�
WOYZRMXNOW �YX\XV]�a\X�WOLXQVXPOW�KOQ�ZJQZ]bOWRi�RQXUi\XZXL��6Ui�VO\XNJ�]Uf\ZJQL]TXLXS�
[\Z]T\]ZXVO\ZRR�X\[]\[\L]h\�aO\TRO�TZR\OZRR�X\KZJTXLTR�RQXUi\XZXL�YX�[TXZX[\R
ZJ[YZX[\ZJWOWRi�]Uf\ZJQL]TXLe_�LXUW�
)15A�9,-7;@�[YZONOUOWRO�NRJMWX[\RaO[TR_�YJZJVO\ZXL�NUi�LeiLUOWRi�VO_JWRaO[TR_�

YXLZOPNOWRS�[A9�WJ�ZJWWOS�[\JNRR�R_�ZJQLR\Ri�VO\XNJVR�RŴZJTZJ[WXS�\O_WRTR�
9QLO[\WX �a\X�̂JẐXZ�iLUiO\[i�WOYXUiZWeV�NRgUOT\ZRTXV �\X�O[\f�VXUOT]Ue�RVOh\�

[RVVO\ZRaWXO�[\ZXOWRO��̀OW\Ze�gTLRLJUOW\We_�YXQR\RLWXMX�R�WOMJ\RLWXMX�QJZiNXL�]�WR_�
[XLYJNJh\ �YXg\XV] �LX�LZOVi�X\[]\[\LRi�LWObWOMX�YXUi �WOYXUiZWeO�VXUOT]Ue�WO�RVOh\�
[XK[\LOWWXMX�gUOT\ZRaO[TXMX�VXVOW\J��=JURaRO�NÔOT\J�L�LRNO�X\TZe\XS�VRTZX[TXYRaO[TXS�
YXZR[\X[\R�;���L�RQXUi\XZO�VXPO\�YZRLO[\R�T�WJ[ecOWRh�LUJMXS�LW]\ZOWWOMX�XKdOVJ�
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ĴẐXZXLXMX�\OUJ��<XUOT]Ue�LXNe�iLUih\[i�YX[\XiWWeVR�NRYXUiVR �a\X�LeQeLJO\�ZOQTXO�
]LOURaOWRO�NRgUOT\ZRaO[TR_�YX\OZf �YZONXYZONOUOWWXO�]LOURaOWROV�RW\OW[RLWX[\R�
NRYXUfWXS�YXUiZRQJ̀RR��
BJWMOW[�]MUJ�NRgUOT\ZRaO[TR_�YX\OZf�iLUiO\[i�RW\OMZJUfWeV�YJZJVO\ZXV �TX\XZeS�

]aR\eLJO\�YXUiZRQJ̀RXWWeO�YX\OZR �YX\OZR�LW]\ZOWWOS�gUOT\ZXYZXLXNRVX[\R�R�YX\OZR�QJ�
[aO\�\XTXL�YXLOZ_WX[\WXS�YZXLXNRVX[\R �R�XYZONOUiO\[i�LOURaRWXS�[NLRMJ�LOT\XZJ�\XTJ�L�
[ZJLWOWRR�[�LOT\XZXV�\XTJ�L�RNOJUfWXV�NRgUOT\ZRTO��:JaO[\LOWWeS�̂ JẐXZ�XYXZWX-
[\OZPWOLe_�RQXUi\XZXL�_JZJT\OZRQ]O\[i�WOQWJaR\OUfWeVR�NRgUOT\ZRaO[TRVR�YX\OZiVR�

025,0��tg ;
���A]VVJZWJi�gWOZMRi�ZJ[[ORLJWRi �TX\XZJi�LeNOUiO\[i�L�XYZONOUOWWXV�XKdOVO�
RQXUi\XZJ� R� YZONXYZONOUOWJ� JT\RLWXS� [X[\JLUihcOS� \XTJ� YXUiZRQJ̀RR� R�
gUOT\ZXYZXLXNRVX[\fh �ZJ[[aR\eLJO\[i�YX�̂XZV]UO�

,2 �
 tgCUPT 


� (1)

MNO�� f

� �
 2 +]MUXLJi�aJ[\X\J�YZRUXPOWWXMX�WJYZiPOWRi �!-1; U +WJYZiPOWRO�
YZRTUJNeLJO\[i�T�RQXUi\XZ] �T4.��tg +\JWMOW[�]MUJ�NRgUOT\ZRaO[TR_�YX\OZf �YZR� �2f 50� , 
NUi�TJaO[\LOWWXMX�̂JẐXZJ�;
�� 025,0��tg ; C +OVTX[\f�RQXUi\XZJ �VTD�
eWOZMRi�ZJ[[ORLJWRi �TX\XZJi�LeNOUiO\[i�L�RQXUi\XZO�L�YOZOVOWWXV�gUOT\ZRaO[TXV�YXUO �

YZOLZJcJO\[i�L�\OYUXL]h�gWOZMRh �LeQeLJi�WJMZOLJWRO� ĴẐXZJ�RQXUi\XZJ��?ZR�
XKZJQXLJWRR�ZJQWR̀e�\OVYOZJ\]Z�VOPN]�RQXUi\XZXV�R�LXQN]_XV �\OYUXLJi�gWOZMRi�X\NJO\[i�
XTZ]PJhcOS�[ZONO�Y]\OV�\OYUXXKVOWJ�+WOXKZJ\RVXMX�YZX̀O[[J�YOZOWO[OWRi�\OYUXLXS�
gWOZMRR�L�YZX[\ZJW[\LO �XK][UXLUOWWXMX�WOXNWXZXNWeV�\OVYOZJ\]ZWeV�YXUOV��
?X�L\XZXV]�QJTXW]�\OZVXNRWJVRTR�\OYUX\J�YOZOWX[R\[i�L�WJYZJLUOWRR�VOWfbOS�

\OVYOZJ\]Ze��:XURaO[\LX�gWOZMRR �X\WO[OWWXO�T�ONRWR̀O�YXLOZ_WX[\R �TX\XZJi�YOZOWX[R\[i�
QJ�[aO\�\OYUXYZXLXNRVX[\R �YX�QJTXW]�D]ZfO�;�� �YZXYXZ̀RXWJUfWJ�MZJNROW\]�\OVYOZJ\]Ze�R�
XYZONOUiO\[i �TJT�YUX\WX[\f�\OYUXLXMX�YX\XTJ �MNO�QWJT�VRW][�]TJQeLJO\�WJYZJLUOWRO�
YOZOWO[OWRi�\OYUX\e

),(Tgradq 
�� � (2)

MNO�q +YUX\WX[\f�\OYUXLXMX�YX\XTJ 4\�V2; �+TXĝ R̂̀ROW\�\OYUXYZXLXNRVX[\R �TX\XZeS�

_JZJT\OZRQ]O\�[YX[XKWX[\f�LOcO[\LJ�YZXLXNR\f�\OYUX\] �NUi�̂JẐXZJ�;
�� 68,1�� 4\��VK�K);  

)(Tgrad +MZJNROW\�\OVYOZJ\]Ze �K.
2WJUR\RaO[TXO�LeZJPOWRO�YUX\WX[\R�\OYUXLXMX�YX\XTJ�\OYUXX\NJaR�X\�YXLOZ_WX[\R�

RQXUi\XZJ�T�LXQN]_]�XYZONOUiO\[i�QJTXWXV�=fh\XWJ�;���

),( +0+ ��q �
�� (3)

MNO +q +YUX\WX[\f�\OYUXLXMX�YX\XTJ �TX\XZeS�YOZONJO\[i�X\�YXLOZ_WX[\R�\OUJ�T�LXQN]_], 

4\�V2; �+TXĝ R̂̀ROW\�\OYUXX\NJaR �4\�V2K�K; 0�+\OVYOZJ\]ZJ�YXLOZ_WX[\R�RQXUi\XZJ �

�K; +�+\OVYOZJ\]ZJ�LXQN]_J ��K.

:Xĝ R̂̀ROW\�\OYUXX\NJaR��XYZONOUiO\�\OYUXLXS�YX\XT �TX\XZeSYOZONJO\[i�aOZOQ�
ONRWR̀]�YXLOZ_WX[\R�RQXUi\XZJ�YZR�ZJQWR̀O�\OVYOZJ\]Z�VOPN]�YXLOZ_WX[\fh�R�LXQN]_XV�
1�5��?X� R̂QRaO[TXV]�[XNOZPJWRh�� + LOURaRWJ �XKZJ\WJi�[]VVO�\OZVRaO[TR_�
[XYZX\RLUOWRS�L�[R[\OVO �aOZOQ�TX\XZ]h�ZJ[YZX[\ZJWiO\[i�\OYUXLXSYX\XT �R�RVOO\�[UXPW]h��
QJLR[RVX[\f�X\�JgZXNRWJVRaO[TR_�][UXLRS�LKURQR�YXLOZ_WX[\R �OO�ZJQVOZXL�R�̂XZVe ��
\OYUXOVTX[\R�R�̂RQRaO[TR_�[LXS[\L�LXQN]_J�
?OZONJa]�\OYUJ�X\�YXLOZ_WX[\R�\LOZNXMX�\OUJ�T�LWObWOS�[ZONO�VXPWX�ZJ[[VJ\ZRLJ\f �TJT�

\OYUXYZXLXNRVX[\f�aOZOQ�\XWTRS�[UXS�LXQN]_J �[XYZRTJ[JhcOMX[i�[�YXLOZ_WX[\fh�\LOZNXMX�
\OUJ��?X�QJTXW]�\OYUXX\NJaR�=fh\XWJ�����R�\OYUXYZXLXNRVX[\R�D]ZfO��	� �]ZJLWOWRO�
\OYUXXKVOWJ�WJ�MZJWR̀O�VOPN]�RQXUi\XZXV�R�LXQN]_XV�LeMUiNR\�\JT�
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),()( +0+ ��Tgrad �
�
� �� (4)

MNO� n� + TXĝ R̂̀ROW\� \OYUXYZXLXNRVX[\R� LXQN]_J � YZR� 300�T �K [2], 
3102,26 �
�n� 4\��VK�K).

BOVYOZJ\]ZWeS�MZJNROW\�\OYUXWX[R\OUi�L�UOLXS�aJ[\R�]ZJLWOWRi��
��XYZONOUiO\�
YUX\WX[\f�\OYUXLXMX�YX\XTJ �TX\XZeS�YOZOWX[R\[i�Y]\OV�\OYUXYZXLXNWX[\R aOZOQ�
\OXZO\RaO[TR�KO[TXWOaWX�\XWTRS�[UXS�LXQN]_J �WOYXNLRPWXMX�X\WX[R\OUfWX�YXLOZ_WX[\R�
\OUJ��:Xĝ R̂̀ROW\�\OYUXX\NJaR��L�YZJLXS�aJ[\R�]ZJLWOWRi�_JZJT\OZRQ]O\�RW\OW[RLWX[\f�
\OYUXX\NJaR�X\�YXLOZ_WX[\R�RQXUi\XZJ�LXQN]_]�TXWLOT̀ROS�R�\OYUXLeV�RQU]aOWROV��
]J[[VX\ZRV�\OVYOZJ\]ZWXO�YXUO�R�\OYUXLeO�YZX̀O[[e�LW]\ZR�RQXUi\XZJ��?X�YOZLXV]�

QJTXW]�\OZVXNRWJVRTR �TXURaO[\LX�\OYUX\e �TX\XZXO�\OZiO\[i�\OUXV �VXPO\�YXiLR\f[i�URbf�

QJ�[aO\�]VOWfbOWRi�LW]\ZOWWOS�gWOZMRR�\OUJ�QJ�ONRWR̀]�LZOVOWR� 
�
�

�


�
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[aO\�NOS[\LRi�LW]\ZOWWR_�R[\XaWRTXL�\OYUX\e�VXcWX[\fh� vq ��6Ui�YZX̀O[[J �TX\XZeS�WO�

]aR\eLJO\�QJLR[RVX[\f�\OYUXOVTX[\R�X\�\OVYOZJ\]Ze �[YZJLONURLX�LeZJPOWRO�;,��

,)( dtdV
t

T
cqdQ p

V
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�� � (5)

MNO�� vq +VXcWX[\f�ZJ[[ORLJWRi�gUOT\ZRaO[TXS�gWOZMRR�L�ONRWR̀O�XKdOVJ �4\�V3; pc +

]NOUfWJi�\OYUXOVTX[\f�VJ\OZRJUJ �NUi�̂JẐXZJ�;
��YZR� 300�T �K, 750�pc 6P��TMK�K); 

�+YUX\WX[\f�VJ\OZRJUJ �NUi�̂JẐXZJ[7] 2500�� TM�V3; V +XKdOV�\OUJ �V3; t +LZOVi�

NOS[\LRi�YOZOVOWWXMX�gUOT\ZRaO[TXMX�YXUi�WJ�RQXUi\XZ, c; T+\OVYOZJ\]ZJ�̂JẐXZJ ��K.
A�]aO\XV�̂XZV]U�����R�����]ZJLWOWRO�\OYUXYZXLXNRVX[\R�NUi�RQXUi\XZJ�YZRXKZO\JO\�

X̂ZV]���� �TX\XZJi�][\JWJLURLJO\�[LiQf�YZX[\ZJW[\LOWWX-LZOVOWWe_�RQVOWOWRS�\OVYOZJ\]Ze�
LW]\ZR�RQXUi\XZJ �\X�O[\f�LeZJPJO\�QJLR[RVX[\f�RQVOWOWRi�LX�LZOVOWR�\OVYOZJ\]Ze�
TJTXS-\X�\XaTR�\OUJ�X\�[LXS[\L�YXUi�R�VXcWX[\R�ZJ[[ORLJWRigWOZMRR�LKURQR�g\XS�\XaTR

.))(( vp qTgradgrad
t

T
c �
�

	
	



 �� (6)

4�NJUfWOSbOV�NUi�ZJ[aO\XL �YZR�XYZONOUOWWe_�YZONYXUXPOWRi_ �TJT�X\[]\[\LRO�[]\XaWe_�
TXUOKJWRS�\OVYOZJ\]Ze �RQVOWOWRi�[TXZX[\R�LO\ZJ�R�\XV]�YXNXKWXO �VXPWX�[aR\J\f �a\X�
YZX̀O[[�[\J̀RXWJZOW��YZR�NX[\RPOWRRXYZONOUOWWXS�LOURaRWe�\OVYOZJ\]ZJ�LW]\ZR�R�WJ�

YXLOZ_WX[\R�RQXUi\XZJ�[X�LZOVOWOV�WO�RQVOWiO\[i �\X�O[\f� 0�
	
	

t

T
��AUONXLJ\OUfWX �[�]aO\XV�

�
��YXU]aRV�

.0))(( ��
 vqTgradgrad � (7)

6Ui�X̀OWTR�YZX̀O[[XL�\OYUXXKVOWJ�K]NOV�ZJ[[VJ\ZRLJ\f�RQXUi\XZ�TJT�[YUXbWXS�̀RURWNZ�
ZJNR][XV� 2dR �  �[�ZJLWXVOZWX�ZJ[YZONOUOWWeVR�L�WOV�LW]\ZOWWRVR�R[\XaWRTJVR�gWOZMRR�

VXcWX[\fh� vq  �TX\XZeS�WJ_XNR\[i�L�LXQN]bWXS�[ZONO��?ZR�g\XV�ZOKZR[\X[\f�̂XZVe�

KXTXLXS�YXLOZ_WX[\R�WO�]aR\eLJO\[i �J�[ZONWRS�NRJVO\Z�RQXUi\XZJ��dYZRWRVJO\[i�TJT�
[ZONWOO�VOPN]�NRJVO\ZXV�ZOKZJ�R�NRJVO\ZXV�VOPZOKOZWXS�aJ[\R�RQXUi\XZJ��4�TJaO[\LO�
\OYUXWX[R\OUi�+YXNLRPWXS�[ZONe �TX\XZJi�]aJ[\L]O\�L�\OYUXXKVOWO�R�RW\OW[R̂ R̀RZ]O\�OMX �
Le[\]YJO\�LXQN]_ �TX\XZeS�RVOO\�\OVYOZJ\]Z]�+� R�TXĝ R̂̀ROW\�\OYUXX\NJaR��.  

7[UR�\OYUXX\NJa]�̂ JẐXZXLXMX�\OUJ�RQXUi\XZJ�̂ UJẀJV�WO�]aR\eLJ\f �\X�L�[RU]�
[RVVO\ZRR�\OVYOZJ\]ZWXO�YXUO�LW]\ZR�RQXUi\XZJ�K]NO\�XNWXVOZWeV )(rfT � ��4�[U]aJO �
O[UR�WJ�ZJ[[\XiWRR�r X\�X[R�RQXUi\XZJ�LeNOUR\f�RQX\OZVRaO[T]h�YXLOZ_WX[\f �\X�YZR�
][\XiLbOV[i�ZOPRVO�\OYUX �TX\XZXO�LeNOUiO\[i�L�XKdOVO� hrVr 

� 2�  �K]NO\�YOZONJLJ\f[i�
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aOZOQ�RQX\OZVRaO[T]h�YXLOZ_WX[\f�YUXcJNfh�� hrFr 

��2 QJ�[aO\�\OYUXYZXLXNRVX[\R�
BOYUXLXS�YX\XT�aOZOQ�RQX\OZVRaO[T]h�YXLOZ_WX[\f �TX\XZJi�WJ_XNR\[i�WJ�ZJ[[\XiWRR�

Rr � X\�̀ OW\ZJUfWXS�LOZ\RTJUfWXS�X[R�RQXUi\XZJ �[�]aO\XV�̂ XZV]Ue���� �VXPWX�
YZON[\JLR\f�L�LRNO:

)(2)( rThRrTFQ 		


��		
�� ��� , (8)
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\OVYOZJ\]ZJ�WJ�YXLOZ_WX[\R�̂JẐXZJ��0T YZR� Rr �  �K]NO\�XYZONOUi\f[i�]ZJLWOWROV�

�2Rq�T v+0 
�� , (15)

MNO�0� +\OVYOZJ\]ZJ�YXLOZ_WX[\R�RQXUi\XZJ ��K.



e=7]57B9:2�9�e;7:B][B7E=9:2

=J]TXLk�YZJ̀k�4=BC ���11, m�2 5

BJTRV�XKZJQXV �[�]aO\XV���
��R����� �\OVYOZJ\]ZWXO�YXUO�LW]\ZR�RQXUi\XZJ�XYR[eLJO\[i�
X̂ZV]UXS�

.
44

22 r
q

R
q

TT vv
0 
�
��

��
(16)
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0,4 0,49 0,82 1,64 3,28 4,93 6,59 8,26 16,74
0,6 0,56 0,93 1,87 3,74 5,62 7,52 9,42 19,05
0,8 0,62 1,03 2,07 4,15 6,23 8,33 10,43 21,09
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4 1,27 2,12 4,23 8,47 12,72 16,98 21,25 42,72
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YX\OZR�WJ�NRYXUfW]h�YXUiZRQJ̀Rh �[LiQJWWeO�[�]LUJPWOWROV�̂JẐXZJ �TX\XZeO�YZRLXNi\�T�
]LOURaOWRh���tg . 
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:����������������������+N��\��W� �YZX̂O[[XZ�TĴONZe�gUOT\ZRaO[TR_�[\JẀRS�R�[R[\OV �\OU���
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