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stujuxquwuxyt�l�xoxyls��uhxrzmoigto���<[SZQ�AIZM�#[M[M��<A# ��ir��yx��
sgylsgyo~lxqoso� suklr�so� vwu}lxxui� uhwghuyqo� wgntuyovtup� ot{uwsg}oo� i�
qussztoqg}outt�|�xly�|�vuxrlktlju�vuqurlto��*	�c�+��k�onilxyt�|�wghuyg|�onz~lt��
suklro�ygqo|�xoxyls�vwo�vwuxy�|�xywgyljo�|�kuxyzvg��y�l��i��to|�vwlkvurgjglyx���~yu�ixl�
qgtgr��xoxyls��wgituvwgitu�oxvur�nz�yx��wgntuyovt�so�i�nuigso��kslxyl�x�yls��on-ng�
ujwgto~lttuxyo�wlxzwxui�xlylp��g�ygqml�ixrlkxyiol�yuju��~yu�wgntuyovt�l�i�nui��osl�y�
wgnro~t�l�xylvlto�igmtuxyo��wgituvwgitul�oxvur�nuigtol�qgtgrui�xoxyls��tl�ixljkg�
�ir�lyx���{{lqyoit�s��vu�yusz�tlquyuw�l�qgtgr��wlnlwiowz�yx��o�oxvur�nz�yx��ro���vwo�
iuntoqtuiltoo�uvwlklrltt�|�qut{roqyt�|�xoyzg}op��mr��wgnwl�lto���yo|�xoyzg}op�
tgohurll��{{lqyoit�s�xwlkxyius��ir��yx��sgwquixqol�vwu}lxx��vwot�yo��wl�ltop�
�svvw ��ygqup�vuk|uk�wgtll�h�r�oxvur�nuigt�i�wghuyl�*�+�kr��tg|umklto��uvyosgr�tup�
xywgyljoo�kuxyzvg��oklx��gtgrujo~t�p�vuk|uk�oxvur�nzlyx��kr��oxxrlkuigto��suklrlp�<A#�
x�wlnlwit�so�qgtgrgso��

%@CD3?@5<3�9373G:

wgxxsuywos�suklr��stujuxquwuxytupxoxyls��uhxrzmoigto���<[SZQ�AIZM�#[M[M��<A# ��i�
quyuwup�ixl�qgtgr��wgnklrlt��tg�kil�jwzvv�/�gqyoit�l�o�wlnlwit�l��vwo��yus�gqyoit�l�
qgtgr��oxvur�nz�yx��xujrgxtu�vurtukuxyzvtup�x|lsl��g�iqr�~ltol�wlnlwit�|�qgtgrui�
vukkg�yx��zvwgirlto���vuxrlktll�untg~gly��~yu�oxvur�nuigtol�wlnlwit�|�qgtgrui�xi�ngtu�x�
uvwlklrltt�so��qutuso~lxqoso�onklwmqgso��o�vuyusz�i�suslty��vuxyzvrlto��
wgntuyovt�|�i�nuiui�tluh|ukosu�vwotosgy��wl�lto��uh�oxvur�nuigtoo�ygqo|�qgtgrui��vwo�
�yus�ygqol�wl�ltol�vwotosg�yx��ro���yujkg��qujkg�quro~lxyiu�xiuhukt�|�qgtgrui�
uqgn�iglyx��tlkuxygyu~t�so�kr��uhxrzmoigto��vuxyzvoi�lju�i�nuig��̀ lr��zvwgirlto��
iqr�~ltols�wlnlwit�|�qgtgrui�xuxyuoy�i�sotosong}oo�xzssgwt�|��qutuso~lxqo|�
onklwmlq�i�lkoto}z�iwlslto�xyg}outgwtuju�wlmosg��xi�ngtt�|�x�vuylw�so�i�nuiui�o�
oxvur�nuigtols�wlnlwit�|�qgtgrui�
kxl�N>1 qgtgr��xoxyls��wgnklrlt��tg�kil�jwzvv���y��l��N=A+R, jkl�A>1 zqgn�igly�

quro~lxyiu�gqyoit�|�qgtgrui�o�R>1 untg~gly�quro~lxyiu�wlnlwit�|�qgtgrui��vwo��yus�ixl�
qgtgr���ir��yx��okltyo~t�so��k|uk��op�vuyuq�i�nuiui��ir�lyx��vzgxxutuixqos�x�
vgwgslywus����vwo��yus�qgmk�p�vuxyzvoi�op�i�nui�x�ilwu�ytuxy����i ywlhzly�bi qgtgrui�
uktuiwlslttu��jkl��1 �b�K2	��y��l��ox|ukt�p�vuyuq�vwlkxygir�ly�xuhup�xzvlwvuno}o��K
tlngioxos�|�vzgxxutuixqo|�vuyuqui�x�otyltxoituxy�so�
i:= ��i, ������	�jkl�i�nui��on�i-
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ju�vuyuqg�ywlhz�y�uktuiwlslttubi qgtgrui��vwo��yus�ixl�qgtgr��tg~otg�y�o�ngilw�g�y�
uhxrzmoigtol�uktuiwlslttu��kwls��uhxrzmoigto��i�nuiui� i-ju�yovg��ir�lyx��

�qxvutlt}ogr�tu�wgxvwlklrlttup�xrz~gptup�ilro~otup�xu�xwlktos� Kii ,1,1 ��� .

nxro�i�suslty�vuxyzvrlto��i�nuig�r�huju�yovg�quro~lxyiu�xiuhukt�|�gqyoit�|�qgtgrui�
�ir�lyx��kuxygyu~t�s��yu�tluh|ukosul�quro~lxyiu�gqyoit�|�qgtgrui�tgntg~glyx��kr��lju�
uhxrzmoigto���k�vwuyoitus�xrz~gl�xiuhukt�l�wlnlwit�l�qgtgr��sujzy�h�y��oxvur�nuigt��
kr���yup�}lro��kslxyl�x�yls��lxro�xzssgwtul�quro~lxyiu�xiuhukt�|�qgtgrui��gqyoit�|�o�
wlnlwit�| �uqgmlyx��tlkuxygyu~t�s�kr��uhxrzmoigto��vuxyzvoi�lju�i�nuig��yu�ut�x�
ilwu�ytuxy���	�ylw�lyx���hruqowzlyx� �
sl|gtons�iqr�~lto��o�uyqr�~lto��wlnlwit�|�qgtgrui�xuxyuoy�i�xrlkz��ls��nxro�i�

suslty�ngilw�lto��uhxrzmoigto��i�nuig�r�huju�yovg�quro~lxyiu�ngt�y�|�qgtgrui�
uqgmlyx��tl�slt��l��~ls�A��yu�ixl�uxiuhumkltt�l�qgtgr��vlwlqr�~g�yx��i�wlnlwitz��
jwzvvz0�i�vwuyoitus�xrz~gl�r�h�l�A qgtgr��xygi�yx��i�gqyoitz��jwzvvz��g�uxygr�t�l�
uxyg�yx��i�wlnlwitup�jwzvvl�
vwlkvurumos��~yu�vuylw��uktuju�i�nuig�i-ju�yovg�u}ltoiglyx���ywg{us�i�c(i �zxruit�|�

lkoto}����������	�g�iqr�~ltol�jwlnlwit�|�qgtgrui�i�lkoto}z�iwlslto�vwoiukoy�q��ywg{gs�
d(j �zxruit�|�lkoto}��j = ����
���yujkg�ngkg~g��tg|umklto��uvyosgr�tup�xywgyljoo�
iqr�~lto��wlnlwit�|�qgtgrui�x{uwszrowzlyx��xrlkz��os�uhwgnus/�ywlhzlyx��tgpyo�ygqz��
xywgyljo��iqr�~lto��wlnlwit�|�qgtgrui��~yuh��sotosonowuigy��xzssgwt�l��ywg{��i�
lkoto}z�iwlslto�xyg}outgwtuju�wlmosg��xi�ngtt�l�x�vuylw�so�i�nuiui�wgnro~t�|�yovui�o�
iqr�~ltols�wlnlwit�|�qgtgrui�
[rlkuigylr�tu��oxqusg��uvyosgr�tg��xywgyljo��kuxyzvg��6ISS�4/TQ<<QV8�6V8Z;VS��646 �

vwlkxygir�ly�xuhup�vuxrlkuigylr�tuxy��wl�ltop��vwotosgls�|�i�suslty��vuxyzvrlto��
i�nuiui��vwo��yus��i�qgmk�p�suslty�vuxyzvrlto��i�nuiui�x�z~lyus�o|�yovg�o�ylqz�lju�
xuxyu�to��xoxyls��tluh|ukosu�vwotosgy��uktu�on�kiz|�wl�ltop/�rohu�vuxyzvoi�op�i�nui�
ylw�lyx���rohu�uvwlklrlttul�quro~lxyiu�wlnlwit�|�qgtgrui�oxvur�nzlyx��kr��lju�
uhxrzmoigto��

&3CG8D�F3B3<D8B:CD:<�>@78=:

[uxyu�tol�kgttup�xoxyls��i�vwuoniur�t�p�suslty�iwlslto�sumtu�uvoxgy��K-slwt�s�
ilqyuwus�n = (n1���.K ��jkl�ni zqgn�igly�quro~lxyiu�i�nuiui�i-ju�yovg�i�xoxylsl��vuxqur�qz�
qgmk�p�i�nui�i-ju�yovg�uktuiwlslttu�ywlhzly�bi qgtgrui�xoxyls���yu�sgqxosgr�tul�
quro~lxyiu�i�nuiui�i�xoxylsl�ujwgto~ltu�ilro~otup�*N/bi+��jkl�*x+�untg~gly�}lrz��~gxy��x,

Ki ,1� ��[zssgwtul�quro~lxyiu�ngt�y�|�qgtgrui�xoxyls��i�xuxyu�too�n��uvwlklr�lyx��qgq�
xqgr�wtul�vwuonilkltol�ilqyuwui�n o�b = (b1����K ��ygqos�uhwgnus�stumlxyiu�iunsumt�|�
xuxyu�top�xoxyls��uvwlklr�lyx��ygq/

� 	 � �� �NkibNnS ii 
��� bnn ,,,1,/,0:: . (1)

mr��uvoxgto��qrgxxg�xywgyljop��i�quyuwus�tg|ukoyx��oxqusg��uvyosgr�tg��xywgyljo��
iqr�~lto��wlnlwit�|�qgtgrui��wgxxsuywos�suslty��vuxyzvrlto��i�nuiui�
vzxy��i�suslty�vuxyzvrlto��i�nuig�i-ju�yovg�xoxylsg�tg|ukoyx��i�xuxyu�too�n�S. 

Turo~lxyiu�xiuhukt�|�gqyoit�|�qgtgrui�i��yus�xuxyu�too�uvwlklr�lyx��qgq�f(n) = A-(n,b), 
lxro f(n)%��vu�yusz�lxro�f(n 1%��yu��yu�untg~gly��~yu�i�xuxyu�too�n quro~lxyiu�
oxvur�nzls�|�wlnlwit�|�qgtgrui�wgitu�-f(n ��uyx�kg�klrgls�i�iuk��~yu�ilro~otg�f(n)+R 
zqgn�igly�xzssgwtul�quro~lxyiu�xiuhukt�|�gqyoit�|�o�wlnlwit�|�qgtgrui�i�xuxyu�too
n�S��lxro�f(n 3%��g�i�xrz~gl�f(n)
%�zqgngttg��ilro~otg�untg~gly�quro~lxyiu�xiuhukt�|�
wlnlwit�|�qgtgrui�i�xuxyu�too�n�S.
vuxqur�qz�gqyoit�l�qgtgr��xoxyls��oxvur�nz�yx��xujrgxtu�vurtukuxyzvtup�x|lsl��yu�

lxro�i�suslty�vuxyzvrlto��i�nuig�i-ju�yovg�xoxylsg�tg|ukoyx��i�xuxyu�too�n�S��i�quyuwus�
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f(n)bi��yu�vuxyzvoi�op�i�nui�vwotosglyx��x�ilwu�ytuxy���	��o�kr��lju�uhxrzmoigto��
i�klr��yx��r�h�l�bi xiuhukt�l�gqyoit�l�qgtgr���nxro�i��yuy�suslty�qusvutlty��ilqyuwg�
xuxyu�to��nzkuirlyiuw��y�tlwgiltxyizbi> f(n)+R��yu�vuxyzvoi�op�i�nui�i-ju�yovg�ylw�lyx��
x�ilwu�ytuxy���	��ygq�qgq�i��yuy�suslty�quro~lxyiu�xiuhukt�|�qgtgrui��gqyoit�|�o�
wlnlwit�| �uqgn�iglyx��tlkuxygyu~t�s�kr��uhxrzmoigto��vuxyzvoi�lju�i�nuig��
ir�ylwtgyoit�l�wl�lto��iunsumt��i�suslty��vuxyzvrlto��i�nuiui�i-ju�yovg��lxro�i��yo�
suslty��xoxylsg�tg|ukoyx��i�uktus�on�vukqrgxxui�stumlxyig�iunsumt�|�xuxyu�top/

�� ��� �;,0::* RfbfSS ii �

�� nnn (2)

�� �� ��� �.,0::** RfbffSS ii �
���� nnnn (3)

k�uhuo|�vukqrgxxg|�xuxyu�top��
 �o��� �iunsumt��xrlkz��ol�wl�lto�/�/	�cvuxyzvoi�op�
i�nui�ylw�lyx��o�/
�cwlnlwit�l�qgtgr��oxvur�nz�yx��kr��uhxrzmoigto��vuxyzvoi�lju�
i�nuig�i-ju�yovg��uyslyos��~yu�lxro�vwotosglyx��wl�ltol�/
��yu�i�vukqrgxxl��
 �
oxvur�nz�yx��bi wlnlwit�|�qgtgrui��g�i�vukqrgxxl��� �quro~lxyiu�wlnlwit�|�qgtgrui��
i�klr�ls�|�kr��uhxrzmoigto��vuxyzvoi�lju�i�nuig�i-ju�yovg��wgitu�bi-f(n ��klwu�ytuxyo�
vwot�yo��wl�ltop�/	�o�/
�uhuntg~g�yx�� ��n�

i� o� ��n�
i� xuuyilyxyilttu��vuxqur�qz��yo�

ilwu�ytuxyo�xuxygir��y�vurtz��jwzvvz��yu�oslls/

�� �� 1�� �� nn ii �� kr��ixl|� iS�n , (4)

jkl� KiSSS iii ,1,*** �� � .

ylvlw��wgxxsuywos�suslty��uyvwgiqo�i�nuiui�xoxylsup��vzxy��tlvuxwlkxyilttu�vlwlk�
uyvwgiqup�i�nuig�i-ju�yovg�on�xoxyls��utg�h�rg�i�xuxyu�too�n��jkl�ni>0��yujkg�i�suslty�
uyvwgiqo�i�nuig�xrlkz��os�xuxyu�tols�xoxyls��hzkly�n-ei��jkl�ei cK-slwt�p�ilqyuw��ixl�
qusvutlty���qwusl�i-ju��wgit��%��g�i-g��qusvutltyg�wgitg	��nxro��n-ei,b)A��yu�ixl�
uxiuhumkltt�l�bi qgtgrui�xygtui�yx��wlnlwit�so0�i�vwuyoitus�xrz~gl�r�h�l�A qgtgr��
xygtui�yx��gqyoit�so��g�uxygr�t�l�vlwlqr�~g�yx��i�wlnlwitz��jwzvvz��vuxrl�uyvwgiqo�on�
xoxyls��i�nuig�i-ju�yovg�xoxylsg�vlwl|ukoy�i�xuxyu�tol�n-eix�otyltxoituxy���ni�I, ������	.
sumtu�vuqgngy���~yu�zqgngtt�l��ywg{��ng�lkoto}z�iwlslto�i�~oxr��yx��ygq/

�� ��� � ���� ��� � � � ��� ���
��� � ��� �� �� � ����,

:,

*** nnnn

nnnnnn
n

�

� �

��

�����

��������

iiiii

S

K

Ii
iiiii

SIfbdSIbd

SIRfbIicppG

�

���
(5)

jkl�p(n �untg~gly�xyg}outgwtz��ilwu�ytuxy��xuxyu�to�n�S.
Sx|uk��on�onrumlttuju�ngqr�~gls��~yu�}lr���oxxrlkuigto��kgttup�xoxyls���ir�lyx��

wl�ltol�xrlkz��lp�ngkg~o/

�� ��� � �� .min, �� � �
�

ni
i

nnpG
�

� (6)

ujwgto~lto�so��yup�ngkg~o��ir�lyx��xoxylsg�zwgitltop�wgituilxo���[rlkuigylr�tu��
ngkg~g�uvwlklrlto��uvyosgr�tup�xywgyljoo�iqr�~lto��wlnlwit�|�qgtgrui�xiukoyx��q�
uvwlklrlttup�ngkg~l�sgwquixquju�vwujwgssowuigto���utg�oslly�tlwgtkusonowuigttul�
uvyosgr�tul�wl�ltol��mr��tg|umklto��uvyosgr�tup�xywgyljoo�iqr�~lto��wlnlwit�|�
qgtgrui�vwo�sgr�|�ntg~lto�|�N o�K sumly�h�y��oxvur�nuigt�slyuk�rotlptuju�
vwujwgssowuigto���vwo�hur��o|�ntg~lto�|��yo|�vgwgslywui�sujzy�h�y��oxvur�nuigt��
vwohromltt�l�slyuk���� �
kslxyl�x�yls��tg�vwgqyoql��uxuhlttu�vwo�oxxrlkuigtoo�suklrlp�<A#�x�hur��os�

quro~lxyius�yovui�i�nuiui��xuxyu�tol�xoxyls��tl�tghr�kglyx��vurtuxy����y��l��osllyx��
~gxyo~tg��ot{uwsg}o��u�ll�xuxyu�too��g�oslttu��tghr�kglyx��ro���uh�ll�quro~lxyiu�
ngt�y�|��xiuhukt�| �qgtgrui��vu�yusz�oxqusg��646�kurmtg�vwotosgy��wl�ltol�tg�uxtuil�
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ygqup�tlvurtup�ot{uwsg}oo��uvyosgr�tz��646��uxtuigttz��ro���tg�ot{uwsg}oo�u�
quro~lxyil�ngt�y�|��xiuhukt�| �qgtgrui��tgnuils�xzhuvyosgr�tup��
vzxy��gqyoit�l�qgtgr���qgq�o�vwlmkl��oxvur�nz�yx��xujrgxtu�vurtukuxyzvtup�x|lsl��g�

quro~lxyiu�wlnlwit�|�qgtgrui��quyuw�l�sujzy�h�y��oxvur�nuigt��kr��uhxrzmoigto��
i�nuiui�i-ju�yovg��ujwgto~lt��ilro~otup�ri��vwo��yus�r1���1KR��ogkg~g�uvyosong}oo�
xoxyls��ngqr�~glyx��i�tg|umkltoo�ygqo|�ntg~ltopri, ������	, ~yuh��sotosonowuigy��
xzssgwt�l��ywg{���� �
uyslyos��~yu�xzhuvyosgr�tg��xywgyljo��tl�hzkly�rz~�l��~ls�uvyosgr�tg��xywgyljo���dyu�

uh��xt�lyx��yls��~yu�uvyosgr�tg��646�vwo�vwot�yoo�wl�lto��z~oy�iglyklygr�tz��
ot{uwsg}o��u�xuxyu�too�xoxyls���i�yu�iwls��qgq�xzhuvyosgr�tg��xywgyljo��uxtui�iglyx��
ro���tg�~gxyo~tup�ot{uwsg}oo�u�xuxyu�too�xoxyls���y��l��z~oy�iglyx��ro���ot{uwsg}o��
uh�uh�ls�quro~lxyil�ngt�y�|�qgtgrui ��St�so�xruigso��kig�wgnt�|�xuxyu�to����i�quyuw�|�
quro~lxyiu�ngt�y�|�qgtgrui��ir�lyx��ukotgqui�s��wgxxsgywoig�yx��qgq�uktu�xuxyu�tol�x�
yu~qo�nwlto��xzhuvyosgr�tup�xywgyljoo�iqr�~lto��wlnlwit�|�qgtgrui��
vwujwgssg�osoyg}outtuju�suklrowuigto��wgnwghuygtg�o�oxvur�nuigtg�kr��tg|umklto��

xzhuvyosgr�tup�xywgyljoo�i�suklro�<A#�x�vgwgslywgso�A = 20, R = 10, K = 2, b1 = 1, b2 = 6, 
c(1) = c(2) = 1, d(i) = ����������������k�qgmkus�vwujutl�osoyg}outtup�vwujwgss��h�ro�
oxvur�nuigt��	%%%%%�i�nuiui��vurtuxy���ngilw�oi�o|�uhxrzmoigtol��Turo~lxyiu�
vuiyuwltop�qgmkuju��qxvlwosltyg�c
��o�o|�xwlktll�ntg~ltol�h�ru�i�hwgtu�i�qg~lxyil�
uxtuit�|�vuqgngylrlp�#VB�xoxyls���k�wlnzr�ygyl��yo|��qxvlwosltyui�tgpkltg�
xzhuvyosgr�tg��xywgyljo��iqr�~lto��wlnlwit�|�qgtgrui��[uuyilyxyiz��ol�wlnzr�ygy��
vuqgngt��i�yghr��	��[rlkzly�uyslyoy���~yu�x�}lr���zslt��lto��quro~lxyig�vlwlqr�~ltop�
wgnro~t�|�xzhuvyosgr�t�|�xywgyljop�uysl~ltt�l�nilnku~qup�xywgyljoo�sujzy�h�y��
ngsltlt��xywgyljolp��	%��	 ��ygq�qgq�sgqxosgr�tg��wgnto}g�slmkz�sotosgr�t�so�
ntg~lto�so�xuuyilyxyiz��o|�}lrli�|�{ztq}op�tl�vwli��gly�%�
���ygq��tgvwoslw��on�
yghr��	�ioktu��~yu�vwo���1,�2 �2����� �o���1,�2 �2����� �uvyosgr�tg��xzhuvyosgr�tg��xywgyljo��
(r1,r2 �2��	%�	 ��g�vwo���1,�2 �2����
 �xuuyilyxyiz��g��xywgyljo��uvwlklr�lyx��qgq��r1,r2) = (9,1). 
vuxrlktll�untg~gly��~yu�lxro�o�vwo���1,�2 �2����
 �i�qg~lxyil�xzhuvyosgr�tup�xywgyljoo�
vwotosgy���r1,r2 �2��	%�	 ��yu�quro~lxyiu�vlwlqr�~ltop�wgnro~t�|�xzhuvyosgr�t�|�
xywgyljop�xz�lxyiltt�s�uhwgnus�zslt��glyx���o�vwo��yus�tl�kuvzxqg�yx��hur��ol�u�ohqo�
�ygq�qgq�wgntuxy��tl�vwli��gly�%�
� . 
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